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Te INTRODUCTION
In any metric space (S,d) it is possible to define the
distance between two subsets X and Y of S by setting §(X,Y)=0
if X=¢ or Y=¢ and
(1) §(X,Y )= inf{@(x,y)/xeX,er} otherwise.
The distance between a noint x and a set X is defined
by setting §(x,X)=({x},X).
This 8allows, for instance, to characterize the non-empty
closed sets as the sets ¥ for which x€X if and only ifd(x,X)=0.
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Another foundasentsl concept is that of diameter A(X) of
a set. One defines it by setting A(X)=0 if X=¢ and

() ACD-= sup{@(x,y)/xéK,yéX} otherwise.

Tn this paper our aim is Tto define analogue concents for
the fuzzy sets. So we define the disbtance between two fuzzy
sets =nd, hence, between a funzy voint and a fuzzy set.

Je call closed a fuzzy seb containing all the fuzzy points
that have distance from it ecuals to zero, and we show that
the complements of closed sets determine a fuzzy tonology,
the fuzzy topology of lower semi-continuous functions.

Also, we define the diameter of a fuzzy set. This will
allow to charscterize the fuzzy pointsas the fuzzy sets with

diameter equals To zeroc.

2., PREREQUISITES AND DEFINITIONS
Tet X be a set and R the set of real numbers. Ve say

fuzzy subset of X or, more simply, fuzzy set [8] a function
f:X—»[O,ﬂ] where [O,ﬂ denotes the set {0(€R/O$O($’!} o
e denote by F(X) the class of the fuzzy subsets of XL.

If f,2 € F(X) then we set f&g iff f(x)€g(x) for any x€X.
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Moreover -f, the complement of f is the fuzzy subset of X
defined py setting (-f)(x)=1-f(x) for any xe€X. If (fl)i
is a family of fuzzy subsets of X then.\geIf and /\ie f

€I

are the fuzzy subsets of X defined by setting

(\/eTf Y(x)= sup. eI{f (x) and.

<ﬁ&€If Y(x)= 1nfl€1{? (x)} for any x€X.

We denote by £ and f, the fuzzy sets for which 4 (x)=0
and f (x)=1 for any xeX.

ﬂoreover, 1fd€ED 1N, we call ~cut of a fuzzy set f the
subset Cﬂ—{xey/f(x)

A fuzzy set f is called crisp if f(x)e{o,ﬂ} for any x€X.
The fuzzy sets 'crisp- can be interpreted as characteristic
functions of subsets of X and, hence, they can be identified
with these subsets.

For any a€X and o €(0, %]—{XeR/O<X<1} the fuzzy set fx defined

; e o
by setting f‘(x/ =0 if x#a and \x) o if x=a,is called furzy
point ( ”J,[;],[#J).

e say that the fuzzy point fa belongs to the fuzzy set f,

0

X . XL C e ~

fef, if £4&£f that is if £(ald.
o

TR T / T - A a ot o £ P
LERIHNITION 1. A class ¢ of fuzzy subsebts of X consvitulbes

a
a fuzzy topology if the following conditions are verified:

‘?) 01 *qez

b) l{) ~,D€Z—Eilvﬂ _!_Agez z
c) Loats r(£.); 3 me in G,

¢/ vl€_£ €g -OL aﬂf f"“mlle \—'-l/lEI of clen nts in

The pair {,Z} is named fuzzy toonological space; the
e ,

N SRR PN
0D Tha connlens

elements are named closed.
The following definition is dual of Definition 1.
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DEFINITION 2. A class C -F(X) is a system of glosed
fuzzy subsets . of X 'if the following conditions are verified:

a) fO,fqéc

b) if f,g€C then fygeC

)N\, 7T{€C for any family (£;);.1 of elements of C.

Obviously, the class of complements of a system of closed
fuzzy set is a fuzzy topology and the class of complements of
a fuzzy tovology constitutes a system of closed fuzzy sets.

3. DISTANCE BETWEEN TWO FUZZY SETS

Tet (8,d) be . a metric space. We define a distance between
two fuzzy subsets f,g of S in the following way:

(3) a(z,2)=/" §(CEsc)ax

Note that if F>o(then Cg {XéS/f(z())P} cC %(ES/f(X)}O{} and,
hence SYCf,CP))J(Cp,Cg\ This nroves that J/Ci,dq) is an
incr6351ng function of and, hence, that The dlSuance<between
two fuzzy sebs 1s defined for any f,gEF(S), even if it is

.

finite or infinite. An example of a palr of fuzzy sets
t

ith infinite distance is the following.

et (S,d) be the set of real nuhbers with the usual distance,
and consicer fg and f, where £ is the fuzzy set for which
Y= x/%x+71 3 Tthen (TO, ) is equal to oo.

If in £ and g there a“e two crisp pointg,that is 1f there
exist x,7 in S for which f and i belong rispectively to T
and g, then, being any coq+r1buu10p S\Cf,JZ)é d(x,y), the
intezral in (3) assumes a finite value. N

£ £ and g are the characteristic functions of two subsets
and Y of 3 then d?zX and C =Y for everyd>0, hence d(f,g)=
J/WJYX,Y)dqzﬂ'5(X,Y§=5(X,Y . Then (3) generalizes the
clascical definition of distance between two subsets
of a metric space. '
Obviously the dlqtance between a fuzzy point f and
a fuzzy set g is S(x Cﬁ)dp Moreover the dlstance

between two fuzzy p01nt9 f’(5 and f ig equal to

jaA%(gb ic})d« and therefore



(4) d(fia %y ") =[§ap]-a(m,e)
This o“ovas that for the fuzzy points “crisp , the distance
efined by (3) coincides with the usual one between points.

Tt is interesting to examine the case that f snd g assune
values in a finite SUDS“t{KO""’ ng of [O 1] Then, 1if
0:66(2% ...< n:ﬂ we h@vex‘ <

(5 ale,5)= 25 8ot e (6-¥_)s
if, Tor i=1, ....n, 2)’ -¥;_.=1/n
D alr,e)= /e (S 5(0“*&‘ ).

T zeneral, we can lso utilize Formulas (5) and (6)

-

vO

)

coupute a sultable spproximation of the distance between

 sive o definition of closure for fuzzy sets:

D ATTHITICT 3. A fuzz et fiis metrlcally clOQed if

o - Eo TR . 3 q - o
either f=f, "or, “or every fuszy vpoint £, f €f 1f4

2 =% V=0, We denote by C the class of the metrlcallv elosed fuzzy
qetQ.

1
1
¢

o0 3INToN 1. The sst C is a system of closed

fuzzy subsets of X. Equlvalently, the set ¢ of the rela-
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0 and f,I are elements of C.

. e X e ‘
a fuzzy point. If f_ e€fvg it 1is /
J pie -~

D007, It is obvious that

et f€0 and g€C, end let f
sbrious thet d(fh,iVe) .,
d(f ,fvg)=0, then é(x, Crye
pose, by absurd that f glng, then f(x){o and
g(x)<X 'y i.e. T {f and f 4g. This implies that
d(f ,£)>0 and a(f ,g)>o and therefore that &(x, v £)20
and g(x Cg))O for & qultable YL, It follows that
3(x,C_UC )>0 and, since C C’CfUC $(x,

7
o
p: 4
P
v/

onversely., suppose that _ e

)=0 for every [(3<xX. Sup

S(x, CiudY)>O an absurd. Thls prove that £ €£;§ and
therefore that fvgeC.

Let (f ). ere a family of elements of C and set
f—iélf we have to prove that feC. If f;ef it is

obvious that d(f"‘ £)=0. Assume that d(f},f)=0, then
é(X’C )=0 for every (<x. If, by absurd, o > f(x),
then J()fj(X), and therefore f ff for a suitable
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jel. Thus j S(x Cﬂ, )dp)O and there exists ¥ < X
such that S$(x, Cf 3)0. Slnce C?g,cf , we have
also that §(x, CY)._(x Cf )30, an absard. Thus we
have proved thatéxéf(x) ind therefore that f ‘e

This complete the proof.

Now we show that the above defined fuzzy topo
logy G coincides with the natural fuzzy topology
defined in [2].

PROPOSITION 2. € is the class of the upper
semicontinuous functions from S5 to ib,i]. It follows
that G is the class of the lower semicontinuous fun-
ctions. )

PROOF. Let fe¢C, then, to prove that f is upper semi
continuous, it suffices to prove that {xeS/f(X)<N}
is oven for every N&[O,ij. Equivalentlyy we can
prove that C? is closed. Let x¢S and é(x,C?):O, then
$(x, Cg) =0 for every ﬁ(d and therefore d(fx )=

4£ S(x, CF)dp =0. Thus f ¢f and xeCn. This proves that

f

Cf is closed.

Conversely, supnose f upper semicontinuous or,

equivalently, that Cf is closed for every udp i} Mo
reover, suppose that d(fq )= /é (x, Cp)dp =0, then
§(x,C ) =0 for every p<x. This implies that xecg’
and therefore that f(x)é(l for every P(X. In conclu

R 24
sion f(x)2« and fng. Thige proves that feC.

4, DIAMETER OF A FUZZY SET

Tet f be a fuzzy subset of S,then we set
(7) Zﬁ(f)~qup{ d(x,y)/x.and y are fuzzy points of f}
“he number A\(f) may be either finite or infinite,

we call it the diameter of the fuzzy set f.
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Tr A(£)XX © then £ is ealled bounded.
3eing SCfi{;?fE) = d(x,y)'("(" P), it is obvious that
(8) A(£)= sup{d(x,y)-[f(:c)/\f(y)]/ X,yGS}.

PROPOSITION 3. If £ is crisp then the definition of diameter
is the classical one. Moreover if £<£g then A(£)XANg).
PROCF. If f is the_cha‘racteristic function of the set X then
A(£)= sup{d(x,y).[f(x}/\f(y)]/ f(x)A0 f(y)#0}= Sup{d(x,:f)/
x€X, yexj. _

Sunpose that f€g, then A(x,5). f(x)/\f(y)‘lé d(x,y)e°
[f%i‘.(X)A%%‘(Y)] and AExNE).

PROPOSITION 4, The diameber of a fuzzy set f;éfo is equal to
zero 1ff £ is a fuzzy point.

PROOF. It is obvious Fhat the diameter of a fuzzy point is
zern, Conversely, suppose that £ is a fuzzy set for which

AeY=0. Then, vy (8), d_{x,3/}~[f(x)/\f(y)J =0 for every x,ve€S.
L]

v aynothesis, there exists a€3 for which f(a)Z£0 and, if y#a,since
dla,7)£0 then £(a)Af(y)=0. This proves that f(y)=0 for every

V;éa and therefore that f is a fuzzy point.

PROPOSITION 5. For any FER(S) andqe(@,ﬂ
() ACHLA /x

Then every of—cut of a bounded fuzzy set i1s bounded while the

To prove that there existsa fuzzy set f such that A(f):oo
and A(Ci}(oofor any O{G[O,:]l , let S be the positive real
numbers set and define :E':;S——’»[O,j] by setting £(x)=1/x +1).
2d(0,%)« (FOAL(x))= x/(NE+1) for any xe€S. Then A(£)=

a@while it is obvious that every cut of £ is bounded.

=

Now

Pronosition 5 shows that our definition of bounded fuzzy set
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is different from Kaufmann's definition[é).

In metric space theory one proves that a subset is bounded
if and only if it is contained in a suitable circle. In order
to obtain a similar result for fuzzy subsets we give the fol-
lowing definition.

ERTINITION 4. We call f-circle with center f: and radius r,
?e fu/zv set C(fx,r) such that, for any fuzzy point IE,
Te€Q(f C,r) iff d(f )<r amiP 5

PROPOSITION S¢ The f-circle u(fX,TD is The fuzzy set defined by
(10) £(z) = Y if d(z,c)4 rA(

r/d(z,c) otherwise.
Morzsover the diameter of C\fx,r) is not greater thnrl 2r.
R00T. By definition f£=V fP/ < ,xes and a(£f, e8], then £(z)=

PROOF. By 4

V fE/P’éx and 1(fF K){*} Vp/pq andr A ed(x c)\v_} This proves
a0

\ J

“Po show that A(£)2r observe that, for every pair of furzy

.a./.\...

A\,
o

7o
[ o S Ty 3 [ Y
In fsct, by dio,b')

RAB P Y+d{c,d'), we have
(B AR -alb,b' <l PA%’)-

. C

1(b, \'—N?/\B' Yed(c,b! ,gP-d(o +
(pny)-dtes y=a(zP, e8ac R
£ €1 :

ﬁ'.ﬁ(; bt )= fﬁAX N\J, cl+ 0

; 7 C 9]

1 \ rt' l/ 'fm 7"\ o F // g \ 9o T ~y
%/\& L J =il . Joodn LUV OO e
Hreorm L WIS
o

PROPOSITNION 7. v set, :suvif(x) and c€S
Rt o b s - t <
a 1 that contained in the f-circle

~

a fuzzy set f ig bounded if
aﬁdvonly if-it is contained in anf-circle.

°R007. Let r=/A(f)/f(c) and denote by g the f-circle
C(fi,r). If d(z,c)4r/y then g(z):X’zsup{f(x)} and the-
refore g(z)2f(z). If d(z,c)>né—then glz)=r/d(z,c). Since
F(e)-f(2)2f(c)Af(z), we have also that d(c,z)sf(e)e f(z)€
d(c,z)-(f(c)Af(z))élﬁ(f). This proves that f(z)4€r/d(z,c)=g(z).
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Finally, observe that, if (S,d) is the euclidean
plane, then the diameter of an f-circle C(fZ,r) is
just 2r. Indeed, let z and z' two points collinear
with ¢ such that a(z,c)=d(z',c)=r/y . Then
d(z,z')=2r/y and d(f;,fi,):Yﬁd(z,z')=2r. Since f:’
and fg. are fuzzy voints of the f-circle C(fg,r),

thig proves that the relative diameter is 2r.

v}
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